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Abstract 
This paper is concerned with finiteness conditions for finitely generated semigroups. First, we 
present a combinatorial result on infinite sequences from which an alternative proof of 
a theorem of Restivo and Reutenauer follows: a finitely generated semigroup isfinite if and only 
if it is periodic and permutable. Then, generalizing notions studied in some papers of de Luca, 
Restivo, Hashiguchi and Varricchio, we introduce the notion of co-iteration property and we 
prove that a finitely generated semigroup has the ~-iteration property if and only if it is finite. 
1. Introduction 
A finiteness condition for semigroups is a property verified by any finite semigroup 
and such that any semigroup with this property is finite. The most natural require- 
ment is that the semigroup is finitely generated. 
Finiteness conditions for finitely generated semigroups are very important in 
algebra: in fact many papers are dedicated to the Burnside problem for semigroups 
and groups, see [14]. 
These conditions are also very important in automata theory: in principle, any 
finiteness condition for finitely generated semigroups can be translated in a regularity 
condition for languages: see e.g. [23] in which the Burnside problem for languages is 
considered. 
Several finiteness conditions for finitely generated semigroups have been given in 
recent years based on different concepts uch as: stron9 periodicity, iteration properties, 
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permutation property, strong repetitivity, uniform repetitivity . . . .  (see [24, 2-5, 8, 22, 9, 
12,13,18] . . . .  ). 
In this paper, first we prove the following combinatorial result: an infinite word, on 
a finite alphabet, without n-divided factor is ultimately periodic. As a consequence we 
give a new proof of a theorem of Restivo and Reutenauer: a finitely generated 
semigroup isfinite if and only if it is periodic and permutable [22]. After this we consider 
a particular kind of iteration property. Generalizing some ideas of [2] (in which 
iteration in a finite sequence of elements of a semigroup is required) we define the 
o>iteration property which precisely says that each infinite sequence of elements of 
S has an initial segment with the iteration property, and we prove that a finitely 
generated semigroup isfinite if and only if it has the ~o-iteration property. We prove this 
using some properties of uniformly recurrent words. 
There is a strong relation between the study of unavoidable regularities and the 
study of finiteness conditions for finitely generated semigroups. This has been clear for 
a long time (e.g. Coudrain and Sch/itzenberger in El] first prove that sufficiently long 
words over a finite alphabet have an 'unavoidable r gularity' which can be presented 
in terms of bi-ideal sequences and then they prove a finiteness condition for finitely 
generated monoids) and is confirmed in many other papers and also in this paper 
where bi-ideal sequences are used. 
2. Terminology 
Terminology and notations are those currently used in theoretical computer science 
[-16]. Let A be an alphabet. We call (finite) words the elements of the free monoid A*; we 
denote by 1 the empty word and by [u[ the length of a word u. We consider a word u 
of length k ~> 1 as a map u: {0, 1, . . . ,  k - 1} ~ A; we write u = u(0) ... u(i) ... u(k - 1). 
A word u is a factor of a word v if there exist two words u',u" ~ A* such that 
v = u'uu". When u' = 1 (resp. u" = 1) we say that u is a left factor (resp. right factor) 
of v. 
A right infinite word (resp. left infinite word) on A is a mapf(resp,  g) from the set of 
nonnegative (resp. non-positive) integers into A. We write 
f =f(O)f(1).. .  f ( i ) . . .  
(resp . . . .  g ( -  i) ... g ( -  1)g(0) = g). 
A word u is a factor of f (resp. g) if there exist a word u' and a right infinite 
word f '  (resp. as left infinite word g') such that f - -  u'uf '  (resp. g'uu' = g). If u' = 1 
we say that u is a left factor off(resp, right factor of g). Let i,j be integers uch that 
0 ~ i ~<j; we denote byf( i , j )  the word f(i) . . . f( j ) .  
If w is a finite or infinite word, then we denote by F(w) the set of its factors. 
A word w ~ A* is periodic of period p if there exists a word u ~ A* such that [u [ = p 
and w -- u k for some positive integer k. In this case we say also that w is a k-power ofu. 
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A right infinite wordf(resp, left infinite word g) is ultimately periodic if there exist 
p >7 1 such that f ( j  + p) =f ( j )  for eachj >~ i for some i/> 0 (resp. g(j - p) = g(J) for 
each j ~ i for some i ~< 0). 
The following lemma of K6nig allows us to construct infinite words from an infinite 
set of finite words. 
Lemma 2.1 (K6nig [16]). Given any infinite subset X of A*, A finite, there exists 
a right (resp. left) infinite word s on A such that any left (resp. right)factor ofs is a left 
(resp. right)factor of at least one element of X. 
We use the following corollary of Ramsey's Theorem: 
Theorem 2.2 (Ramsey [7, 9, 20]). Let S be a,finite semigroup and 
SoS1S 2 . . .  S i . . .  
be an infinite sequence of elements of S. Then there exist an idempotent e e S and an 
infinite strictly increasing sequence of integers 0 <. io < il < i2 < ... < ik < ik+ 1 < "'" 
such that, for each k >~ O, 
Sik . . .  Sik+l_ 1 ~ e. 
Uniformly recurrent words play an absolutely central role in this paper. 
Definition 2.1. An infinite word s on an alphabet A is uniformly recurrent if for any 
factor u of s there exists an integer k such that each factor w of s of length at least 
k contains as factor an occurrence of u. 
Lemma 2.3 (Furstenberg [6]). Let t be an infinite word on a finite alphabet A. Then 
there exists a uniformly recurrent word r such that F(r) c_ F(t). 
This result can be derived by arguments of symbolic dynamics (see [6]). One can 
find a proof based on a simple combinatorial rgument in [10] and also in [3]. 
A subset X of a semigroup S is a system of generators of S if each element of S can be 
expressed as a product of elements of X. A semigroup is finitely generated if it has 
a finite system of generators. In what follows, we consider X both as an alphabet and 
as a subset of S. Moreover, some products of elements of X must be considered both 
as words on the alphabet X and as the values of these products in S. To avoid any 
confusion, we consider an alphabet A in bijection fl with X; then we extend fl to 
a morphism 0 from A + into S defined as follows: 
4,(a)  --  f l(a) 
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for each a ~ A and, finally, we pose 
,~(u)  = 
for all u ~ A +. In this way, for any u ~ A +, zi denotes the value in S of the word u. 
Suppose now that an alphabet A is endowed with a total order and consider on A + 
the lexicographic order induced by it. If u, v ~ A + we write u < v if u strictly precedes 
v in this order. 
Let S be a semigroup and A be an alphabet in bijection with a set of generators of S, 
as previously indicated. 
Definition 2.2. We say that a word u e A + is a canonical word if for any word 
v different from u such that u = v one has [ul ~< [ v[ and, if I u [ = f v [, then u < v in the 
lexicographic order. 
In the proof of Theorem 4.7 we use Green's relation ~,  so we recall here the 
Definition 2.3. We say that two elements , t of a semigroup S are in Green's relation 
.~ (in short s~lt) if and only if there exist x, y ~ S' such that s = tx and t = sy. 
3. Permutation property 
Let XlX 2 . . .  Xn, X i ~ A +, 1 ~< i ~< n, be a factorization of the word x and let a be an 
element of the symmetric group S,. We write x, for x , ,~X~z)  ... x~(,,). 
Definition 3.1. A word x is n-divided if it admits an n-divided factorization 
X1X 2 . . .  Xn, 
i.e. a factorization such that for each a ~ S , \{ id}  one has x greater than x, in the 
lexicographic order. 
Definition 3.2. An infinite word t is ultimately og-divided if it admits a factorization 
t = totlt2 ... ti ... such that for each i > 0 and, for each n/> 2, 
ti . . .  t i+n-  1 
is an n-divided factorization. 
The following is a version of a famous theorem of Shirshov. 
Theorem 3.1 (Shirshov [16]). Let  k , r ,n  >~ 1 be integer such that r >>- 2n. There exists 
an integer N(k,  r, n) such that for  any totally ordered alphabet A with k letters, any word 
in A + of  length N(k,  r, n) contains as a factor  either an n-divided word or a r-power, say 
u r, with 0 < l ul < n. 
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Recently, Several papers have appeared on this subject [4, 10, 11, 17, 22, 25]. In [17], 
using a particular version of Ramsey's Theorem (precisely a version considering 
a partition in 5 classes of the subsets of the nonnegative integers having 3 elements), is
proven the following result: 
Theorem 3.2. Given any finite or infinite alphabet A and a total order on it then each 
infinite word on A is either ultimately periodic or ultimately o3-divided fi~r the given total 
order or ultimately to-divided for the inverse ~f the given total order. 
Now we prove a Shirshov-like theorem on infinite words. 
Theorem 3.3. Let s be a right infinite word on a finite alphabet A and n be an integer 
greater than 1. I f  for  some total order on A, s does not contain an n-divided factor, then 
there exists a positive integer p <~ n such that s is ultimately p-periodic. 
Proof. By way of contradiction, suppose that s is not ultimately p-periodic and does 
not contain n-divided factors. By Theorem 3.1, for each r ~> 2n, there exists a factor wr 
of s such that I wr [ ~< n and that (w~) r is a factor of s. As A is finite, there exist an infinite 
subset R of the positive integers and a word u such that if r G R then w~ -- u. So u k is 
a factor of s for each k ~> 1. 
We claim that we can factorize s in the following way: 
S ~ r lu i~l ) t l r2u i (2) t2  ... rh - lU i (h -1 ) th  lrhUi(h)th ... 
with 
l u l= j t l [= l tz [  . . . . .  ]th 1]=[thl  . . . .  , r igA*  
U ~t  m 
for each m >~ 1 and 
1 ~< i(1) < i(2) < ... < i(h - 1) < i(h) < ... 
Let rl be the shortest left factor of s such that for a suitable infinite word s tl), one 
has s -- rls I1) and u is a left factor ofs I~. Clearly, r: exists. Let i(1) be the largest integer 
such that u ":~ is a left factor of s t~J. The integer i(1) exists, otherwise s would be 
ultimately p-periodic. Clearly 1 ~< i(1) and r lu  i(1) is a left factor of s. Let t~ be the word 
of length ]ul such that r lu i t l ) t l  is a left factor of s. By maximality of i(1) we have that 
u is different from t~. Now suppose that, for h ~> 2, r lu i (1)t l rEui (2)t2 ... r h -  1 u i th -  1}t h- 1 
is a left factor of s, such that lu] --It~l = It21 . . . . .  I th -~ l ,  1 ~< i(1) < i(2) < .-. 
< i (h -1 )  and, for each i, 1 <~i<~h-1 ,  ti is different from u. Pose 
S = r lu i t l ) t l r2u i (2 ) t  2 ... r h_ 1 ui(h- 1)th 1 s(h), where S (h) is a suitable infinite word. Let r h 
be the shortest left factor of s th) such that for a suitable infinite word s th+ ~ one has 
s ~h) = rhS th+l) and u i(h-~)+~ is a left factor of s ~h+~). The word rh exists because u r is 
a factor ofs for each k >~ 1. Let i(h) be the largest integer such that u "h) is a left factor of 
244 G. Pirillo, S. Varricchio / Discrete Mathematics 153 (1996)239-251 
sth+ 1). The integer i(h) exists, otherwise s would be ultimately p-periodic. Let t h be the 
word of length [ul such that r lu i (1)t l r2ui (2)t2 .. .  rh -1  ui(h-  1)th-lrhuith)th is again a left 
factor ofs. Clearly, lu[ =[ t l l  = It21 . . . . .  [th-l[ = [th[. One has again 1 ~< i(1) < 
i(2) < ... < i(h - 1) < i(h) because i(h) >>. i(h - 1) + 1 > i(h - 1). Finally also t h is 
different from u by maximality of i(h). This completes the proof of the claim. 
Now, as A is finite there exist an infinite subset J of ~ and a word v such that, 
for each je  J, ts= v (and hence [u[ = Ivl). Let j l , j2 . . . . .  j , , j ,+ l , j ,+2  . . . .  ,j2n--1 be 
elements of J such that 
J l  < J2  < "'" < J .  <Jn+l  <J .+2 < "" < J2 , -1 '  
We have two cases to consider. 
Case v > u. The word 
(u"J ,~v .. .  r j2)(u"J2~v .. .  %)  .. .  (u"J.~v) 
is clearly n-divided. Contradiction. 
Case u > v. Remark that i(j,+,,) >~ n-  m for each m, 0 ~< m ~< n-  1. So we can 
pose 
ui(jn+m) ~ 2jn+mZJn+m , 
where 
[zj.+m[ = lu"-ml. 
The word 
( z jv  .. .  z j .+ l ) (Z j°+,v  .. .  z ) .+2) . . .  (z~2._,v) 
is clearly n-divided. Contradiction. [] 
Definition 3.3. A semigroup S has the permutation property or is said to be permut- 
able if there exists a positive integer n such that the product of any sequence of 
elements xl . . . .  ,x, of S can be rewritten as 
X1 ... Xn ---- X,r(1) ... Xa(n) 
for a nontrivial permutation tr. 
This concept is a natural generalization f commutativity. It provides a solution to 
the classical Burnside problem for semigroups. Indeed Restivo and Reutenauer, using 
Theorem 3.1 have proven the following theorem of which we present an alternative 
proof. 
Theorem 3.4 (Restivo and Reutenauer [22]). A finitely generated semigroup is f inite if 
and only if it is periodic and permutable. 
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Proof. Suppose, by way of contradiction that there exists a finitely generated, 
infinite, periodic semigroup S such that, given any x l ,x2  . . . . .  x, eS  one has 
xl ... x, = x~lj ... x,~,~ for a nontrivial permutation a ~ S,. 
Denote by A a finite set of generators of S. As S is infinite, there exists an infinite set 
I of words on A which are canonical representatives of elements of S. 
Under this hypothesis, by Lemma 2.1, there exists a right infinite word m such that 
each of its factors is a factor of at least one element of I and, in particular, if u is one of 
these factors then it is the canonical representative of ~. 
Now if u = ulu2 ... u, is an n-divided factor of m we are in contradiction with 
the 'canonicity' of u. If there are no n-divided factors of m, then by Theorem 3.3, 
m must be ultimately periodic. But this is clearly in contradiction with the periodicity 
of S, [] 
Remark 1. In this section we used Theorem 3.3, giving a different proof of 
Theorem 3.4, however Theorem 3.3 gives a combinatorial property of infinite words 
which presents an independent interest. Theorem 3.3 can be seen as an infinitary 
version of a theorem of Restivo and Reutenauer [21] which states that a formal 
language L is bounded if and only if for some positive integer n no factor of L is 
n-divided. We also remark that a different proof of Theorem 3.3 can be given using 
that theorem. 
4. Iteration properties 
We recall here some definitions and results concerning iteration properties. 
Theorem 4.1 (Simon [24]). Let S be a finitely 9enerated semigroup and E(S) be the set 
of its idempotent elements. The following conditions are equivalent: 
li) S is finite; 
(ii) S\E(S)  is finite; 
(iii) there exists a positive integer m such that for any sequence sl . . . . .  s,, of m ele- 
ments orS  there exist two integers i, j, 1 <~ i ~ j ~ m, such that 
si ... sj ~ E(S). 
The 'strong periodicity' of Simon is generalized by the following notion of 
m-iteration property on the right inspired to the 'pumping conditions' for regular 
languages. 
Definition 4.1. A semigroup S has the m-iteration property on the right if there exists 
a positive integer m such that for each sequence sl, s2 . . . . .  sm of elements of S there 
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exist integers i,j E  {1,2 . . . . .  m}, 1 ~< i ~<j ~< m, such that 
sis 2 ... sj = sis 2 ... Si_l(S i ... sj) 2. 
Theorem 4.2 (de Luca and Restivo [2]). Let S be a finitely generated semigroup. Then 
S is finite and if and only if it satisfies the m-iteration property on the right. 
Definition 4.2. Let S be a semigroup, k be a nonnegative integer and m be a positive 
integer. We say that S satisfies the condition D(k, m) if for each sequence Sl,S2, . . . ,  s,, 
of elements of S there exist integers i,j ~ {1, 2, .. . ,  m}, 1 -%< i ~<j ~< m, such that 
S1S 2 . . .  S j  =S IS  2 . . .  S i -  l (S i  . . .  S j )  k. 
Theorem 4.2 can be expressed by saying that a finitely generated semigroup satisfies 
D(2,m) if and only if it is finite (this has been proved also in [8]). 
Theorem 4.3 (de Luca and Varricchio [5]). Let S be a finitely generated semigroup. I f  
S satisfies D(3,m) then S is finite. 
Definition 4.3. Let S be a semigroup, k be a nonnegative integer and m be a positive 
integer. We say that S satisfies the condition C(k, m) if for each sequence sl, s2, . . . ,  s,, 
of elements of S there exist integers i,j 6 { 1, 2 . . . .  , m}, 1 ~< i -%< j ~< m, such that 
S lS  2 . . .  S m = S1S 2 , . .  S i -  l (S  i . . .  s j )ks j+  l . . .  Sm.  
Definition 4.4. Let S be a semigroup, k and h be nonnegative integers and m be 
a positive integer. We say that S satisfies the condition C(h, k; m) if for each sequence 
s l, s2, .. . ,  sm of elements of S there exist integers i,j ~ { 1, 2, . . . ,  m}, 1 <~ i <~ j ~ m, such 
that 
S1S 2 . . .  S m ~- S lS  2 . . .  S i -  l (S  i . . .  s j )hs j+  l . . .  S m 
S IS2  . . .  S i - l (S i  " . .  s j )ks j+  1 ,*" Sin. 
Theorem 4.4 (de Luca and Varricchio [3]). Let S be a finitely generated semigroup 
and t7 a nonnegative integer. I f  S satisfies C(n,n + 1;m) or C(n,n + 2;m) or 
C(n + 2, 2n + 1; m) then S is finite. 
Theorem 4.5 (de Luca and Varricchio [3]). I f  a finitely generated semigroup S satisfies 
C(2, m) then it is finite 
Theorem 4.6 (de Luca and Varricchio, [3-]). I f  a fnitely generated semigroup S 
satisfies C(3, m) then it is finite. 
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Now our goal is to eliminate the condition that the iteration occurs in a segment of 
fixed length. We introduce the following definition. 
Definition 4.5. A semigroup S has the ~o-iteration property if for each infinite sequence 
sl, s2, . . . ,  si . . . .  of elements of S there exist n/> 1 (depending on the sequence chosen) 
and i,j E { 1, 2 . . . .  , n} such that 
SnSn 1 " "  S2S1 = SnSn-1  ' ' .  S i+ l (S i  ' ' '  S j )2S j  - 1 . . .  S2S1.  
The main result of this paper, which generalizes Theorem 4.5, is the following 
theorem. 
Theorem 4.7. A flnitely generated semigroup has the o-iteration property if and only if it 
is .finite. 
Proof. "Only if '  Part 
Suppose, by way of contradiction, that there exists a finitely generated but infinite 
semigroup S having the m-iteration property. 
Denote by A a finite set of generators of S. As S is infinite, there exists an infinite set 
I of irreducible words on A which are representative of elements of S. 
In this hypothesis, by Lemmas 2.1 and 2.3, there exists a left infinite and uniformly 
recurrent word m such that each of its factors is a factor of at least one element of I. 
Claim 1. There exists an integer k such that, for each u e F(m) and a ~ A, if ua ~ F(m) 
and l u] >~ k then O~-d. 
Proof. If k does not exist then there exist a ~ A and an infinite set U of words u such 
that ua ~ F(m) and ri and fib are not in Green's relation ,~. 
By Lemma 2.1, we can consider a left infinite word m' such that each of its right 
factor is a right factor of some ua ~ Ua. 
As the factors of m' are factors of the uniformly recurrent word m, also m' has this 
property and so we obtain a suitable factorization of m', i.e. a factorization which 
uses the terms of a "N-ideal sequence". 
Consider the largest integer i smaller than -1  such that m'( i )= a. By the 
uniform recurrence of m' this integer exists and so, for some wordf~, af la  is a right 
factor of m'. 
Pose wl = afa. 
Consider the largest integer i smaller than - 21 wl[ - 1 such that m'(i) ... m'(j) =- wla 
for some j > i. By the uniform recurrence of m' this integer exists and so, for some 
word f2, wlaf2wla is a right factor of m'. 
Pose w2 = wlaf2. 
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Suppose now that m'= ... Wh- lWh-2  ... WzWla. Consider the largest integer i 
smaller than 2(V h- - ~i=1 [wi[) - 1 such that m'(i) ... m' ( j )  = Wh- lWn-2  ... w2%a for 
somej  > i. By the uniform recurrence of re' this integer exists and so, for some wordfh, 
the word wh- lwh-2  .., WzWla fhWh- lWh-2  .,. WzWxa is a right factor of m'. 
Pose Wh = Wh- lWh-  2 . . .  W2Wlafh. 
This yields to the following infinite factorization of m': 
mt ~ " ' '  WnWn-1  " ' '  W2Wla ,  
where 
w 1 =af~,  
W 2 = wlaf2  , 
W h ~ Wh_ lWh_  2 . . .  W2Wla fh  
for some set of words fh. 
By hypothesis there exists n such that the product 
Wnl~n-1  - "  k~2W1 
can be centrally iterated in S. So, for some i, j, we have 
i f , ft , -  ~ ... ~2f f~ = ~.~. -  ~ ... ~+ ~(wi ... wj)(~ ... wj)~j -  ~ . . .  ~2wl .  
As w~ contains as left factor the word w~_ lWj -2  ... w2wxa, we have, for a suitable 
s~S,  
WnWn - 1 " "  1~2W1 = WnWn - 1 ' ' '  W2'~1 t~s" 
So 
vb.~,_ a ... wzwl~w,w, -  1 --. Wgwxa. 
On the other hand, there exists 2 ~ A* such that 2~,~,_  ~ ... wzwl  = ti, where u ~ U. 
As ~ is invariant on the left we have ti~"a. Contradiction. This proves Claim 1. [] 
So there exists an integer k with the property of the claim which we can reformulate 
as follows. 
Claim 2. There  ex ists  an integer k such that, fo r  each u, v ~ F(m), / fuv ~ F(m) and 
[u[ >1 k then ~ '~.  
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Proof. Let u,v  ~ F (m) ,  v = a la2  ... a ,  for some al ,a2, ... a, e A, such that lul ~> k and 
uv ~ F(m) .  One has 
~"a182 #tV~l d283~ 
• .. ~h-~182d3 ... 8 . -2~ 
ua laza3  . . ,  8 , _  1,~/ 'a18283 ... 8 n_ 18n 
This proves Claim 2. [] 
Now, as before, we can factorize m in the following way: 
m ~ . . .  WhWh_  1 . . .  W2Wl~ 
where wl =f l  with [fl l/> k, wz = w l f2  . . . . .  and 
W h ~ Wh- - lWh-  2 . . .  W2Wl f  h 
for some infinite set of words fh. 
By hypothesis there exists n' such that each product 
Wn~)n -1  - "  W2W1 
with  n > n' can be centrally iterated. So, without loss of generality, for some i >/j > 1 
we have 
WnWn -1  " ,  W2~'~1 
= ~,~. -~ . .  (~ i  . .  ~ j ) (~ ,  . .  ~ j ) .  ~2~1.  
As w~ contains as left factor the word wj_  lw j -2  ... wzwx,  by Claim 2 we have, for 
a suitable s ~ $1, 
Wj 1 ' ' '  W2W1 = WiWi 1 " ' '  ~) jWj -1  - ' '  W2W1S" 
So 
WnWn-1  " "  Wi+lWi  " "  WjWj -1  " "  W2W1 
= WnWn-1  "'" ~'~i+ I(Wi "-" Wj) (Wi  ' ' '  W j )Wj -1  ' ' .  W2W1S 
= WnWn-1  " "  Wi+l ( f f l  - ' '  ~) j )Wj -1  " ' '  ~'2Wl S 
= f fn f fn_ l  . . .  Wi+IWj -1  ... V¢2W 1. 
From this it follows that w,w,_  1 ... w2wl is not irreducible. Contradiction. 
' I f '  Part. 
This follows immediately from the above version of Ramsey's Theorem. [] 
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Remark 2. In the proof of Claim i, uniform recurrence is used in a stronger way than 
in [10]. In a different direction, Leeb [15] has suggested other strong uses of uniform 
recurrence. 
Remark 3. Our theorem is clearly true for groups. But in this case we can give 
a simpler proof. Indeed, suppose that a finitely generated group G satisfies our ~o- 
iteration property and, by way of contradiction, suppose G is infinite. Then, as at the 
beginning of the proof of Theorem 4.7, we can construct a left infinite word on the 
generators of G, 
• " g i  "" gzg l  = g 
say, such that each factor of it is an irreducible word. 
We have, for some n, i, j, 
gngn 1 ".. g2g l  = gng~- i  "" g i+ l (g i  . . .  g j )2g j -x  . . .  g2g l .  
Using the cancellation law, we have (g i  .-. g)) = I, where 1 is the unit of G. But then 
g~g~-  ~ . . .  g2g l  = g~gn-1  . . .  g i+  lg j -  i . . .  g2g l ,  
in contradiction with the irreducibility of g,g~_  1 . . .  g2g l .  
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